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Based  on  the  asymmetric  characteristic  of skeleton  curve  obtained  from  dynamic  tests  on soils,  a  func-
tion  with  double  asymptotes  is  proposed  for  describing  the  dynamic  constitutive  relations  of  soils. The
hysteresis  loops  observed  during  unloading  and reloading  show  the same  form  as  the  skeleton  curve  and
are  constructed  by  taking  the  ultimate  stress  as  the  corresponding  asymptote.  The  coefﬁcient  of  initialeywords:
unction with double asymptotes
ynamic constitutive model
hear modulus
amping ratio
unloading  modulus  is  used  to  ensure  that  the  constructed  hysteresis  loop  ﬁts well  with  the experimental
data.  Then,  a new  dynamic  constitutive  model  considering  the  asymmetry  of  skeleton  curve  is elaborated.
The  veriﬁcation  tests  on  saturated  Nanjing  ﬁne  sand  are  performed  using  a hollow  cylinder  apparatus  to
verify the  applicability  of  the  UD model.  It is  found  that  the  predicted  curves  by  the  UD  model  agree well
with  the  test  data.
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. Introduction
The soil dynamic constitutive model is a basis for studying the
ynamic characteristics of soils and soil-structure interaction sys-
em under dynamic loads as well as the prerequisite for conducting
umerical dynamic analysis.
Masing (1926) suggested a one-dimensional dynamic
tress–strain relationship of soil under constant stress cyclic
oading. He adopted a hyperbola to describe the skeleton curve,
nd structured the hysteretic curve using the “double times
ethod”. However, an irrational phenomenon occurred in his
odel: the value of calculated stress exceeded the ultimate stress
nder irregular cyclic loading.
Rosenblueth and Herrear (1964) and Newmark and Rosenblueth
1971) respectively put forward the “upper skeleton curve” and
upper large loop” as two supplementary rules to Masing rule.
asing rule and the two supplementary ones were termed as
extended Masing rule”. However, the extended Masing rule cannot∗ Corresponding author. Tel.: +86 15026555734.
E-mail address: hua pan1983@163.com (H. Pan).
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e described by a simple mathematical expression. Moreover, it
eeds tremendous amount of memory capacity to ﬁnd the inter-
ection point of the present and previous stress–strain curves. Pyke
1979) simpliﬁed the extended Masing rule using “n times method”
nstead of “double times method” to restrict the hysteresis loops of
ollow-up wave within the asymptote of skeleton curve. Besides,
i (1992) modiﬁed the Masing rule by introducing the concept
f dynamic skeleton curve, which constrains the calculated stress
ithin the ultimate stress.
Wang et al. (1980) made adjustments to the theoretical hys-
eresis loops by introducing “damping ratio degeneration factor”.
his factor led the area of hysteresis loop to ﬁt the experimental
alue of damping ratio. The essence of this method is to adjust
he stress–strain hysteretic damping ratio by changing the original
nloading and following shear modulus which is obtained based
n the Masing rule. Then, Chen et al. (2009) extended this factor
nto “general damping ratio degeneration factor” by introducing
n adjustment parameter Ad. They used a changeable curve to ﬁt
he experimental value of damping ratio, thus the ﬁtting can be
ore ﬂexible.
Based on the studies of Wang et al. (1980), many researchers
ave conducted extensive studies on this Masing-type constitu-
ive model to analyze the site earthquake responses (Borja et al.,
000; Purzin and Shiran, 2000; Muravskii, 2005; Zhang et al., 2005;
ekkos et al., 2006; Okur and Ansal, 2007; Yamada et al., 2008;
hillips and Hashash, 2009).
The skeleton curves of Masing hysteresis loops can be con-tructed by hyperbola model (Hardin and Drnevich, 1972a, 1972b),
y Ramberg–Osgood model (Ramberg and Osgood, 1943), or by
artin–Davidenkov model (Martin and Seed, 1982). However, in
he Martin–Davidenkov model, the shear strain as well as the shear
nd Geotechnical Engineering 5 (2013) 400–405 401
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tress may  increase inﬁnitely, which is inapplicable to soils. For
his reason, Chen and Zhuang (2005) used upper limit value of
train amplitude as a dividing point. The piecewise function was
dopted to modify the skeleton curve, and the formula to calculate
he damping ratio was deduced. Qi and Bo (2009) put forward a new
ynamic constitutive model of soils, in which the exponential func-
ion was used to construct the skeleton curve and the hysteresis
oop.
As mentioned above, the research results of Masing dynamic
onstitutive model of soils are quite abundant, whereas there is
 fault in common that the skeleton curves adopted are all odd
unctions which are symmetrical around the origin of coordinates.
his does not agree with the results of hysteretic characteris-
ics obtained from the tests under cyclic loading, especially under
nisotropic consolidation. In this paper, a function with double
symptotes is proposed for describing the skeleton curves of soils.
hen, a new dynamic constitutive model (UD model) considering
he asymmetry of skeleton curve is constructed. The veriﬁca-
ion tests on saturated Nanjing ﬁne sand are performed using a
ollow cylinder apparatus to verify the applicability of the UD
odel.
. Dynamic constitutive model of soils with asymmetric
keleton curve
.1. Principles for constructing Masing type constitutive model of
oils
The principles for construction of Masing-type constitutive
odel suitable for soils can be summarized as follows:
1) During the initial loading, the stress–strain relationship can be
described by the skeleton curve.
2) During the unloading and reloading process, the value of
dynamic modulus at the beginning of the unloading process
is considered equal to the maximum dynamic shear modulus.
3) Stress value in the skeleton curve and following hysteresis loop
should not exceed the maximum stress level.
4) The hysteresis loop has the same functional form as the skele-
ton curve, whereas the parameters are different. The hysteresis
loop could be obtained by translating, revolving and scaling the
skeleton curve.
.2. Selection of skeleton curve function
Considering the principles for constructing dynamic constitu-
ive model of soils, Eq. (1) is adopted to describe the skeleton curve,
hich has the following features:
1) The function curve passes through the origin of coordinates.
2) There are two asymptotes with different absolute asymptotic
values.
3) The function curve becomes convex when the independent
variables are positive and concave-down when the indepen-
dent variables are negative.
4) The function is continuous and differentiable within its deﬁni-
tion domain (− ∞ , + ∞). (x) = A
k + 1 −
A
2
(
1
k + 10t1x
+ 1
k + 10t2x
)
(1) w
(Fig. 1. Schematic diagram of skeleton curve.
here A, t1, t2, k are the ﬁtting parameters, and A < 0, t1 < 0, t2 < 0,
 > 0. The limits of Eq. (1) as x approaches positive and negative
nﬁnity can be respectively expressed as
lim
→+∞
f (x) = − A
k(k + 1) (2)
lim
→−∞
f (x) = A
k + 1 (3)
.3. Construction of skeleton curve
The skeleton curve of the dynamic constitutive model, has the
ame form as Eq. (1), can be expressed as
() = A
k + 1 −
A
2
(
1
k + 10t1
+ 1
k + 10t2
)
(4)
here  and  are the dynamic shear stress and dynamic shear
train, respectively. The limits of Eq. (4) can be obtained by
uu = lim
→+∞
() = − A
k(k + 1) (5)
du = lim
→−∞
() = A
k + 1 (6)
here uu and du are the upper and lower asymptotic lines of the
keleton curve, respectively (see Fig. 1).
The value of the maximum initial dynamic shear modulus Gmax
an be obtained from the slope of the tangent through the original
oint O (Fig. 1):
max = d()d
∣∣∣
=0
= A ln 10
2(k  + 1)2
(t1 + t2) (7)
From Eqs. (5)–(7), the following equations can be derived:
 = −du
uu
(8)
 = du(uu − du)
uu
(9)
1 + t2 =
2Gmax(uu − du)
ln 10 
(10)uu du
By ﬁtting multiple sets of experimental data, it can be found that,
hen t1 = −100, four parameters of the skeleton curve shown in Eq.
4) can be simpliﬁed as three parameters and the ﬁtting results are
402 G. Chen et al. / Journal of Rock Mechanics and Ge
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ood. Thus, the skeleton curve can be determined by
() = du −
du(uu − du)
2uu
·
⎧⎪⎨
⎪⎩
1
−du/uu + 10−100
+ 1
−du/uu + 10
[
2Gmax(uu−du)
ln  10uudu
+100
]

⎫⎪⎬
⎪⎭
(11)
.4. Construction of hysteresis loop
Based on the above-mentioned construction principles as well
s the processing method from Pyke (1979), the hysteresis loop is
onstructed by translating and scaling the skeleton curve; mean-
hile,  = uu and  = du are taken as the asymptotes.
.4.1. Case1: the unloading point lies on the skeleton curve
For this case, ﬁrst step is to construct the lower hysteresis loop.
et the unloading point (reverse loading point) P(0, P) on the
pper skeleton curve, and point B(− 0, B) is the symmetric point
f P(0, P), the value of B can be determined by the equations
elated to the skeleton curve. Then the curve PCB in Fig. 2 corre-
ponds to the lower hysteresis loop, and its functional form is the
ame as the skeleton curve:
() = P +
Ad
kd + 1
− Ad
2
[
1
kd + 10−100(−0)
+ 1
kd + 10td(−0)
]
(12)
here Ad, kd and td are the unknown parameters, and the subscript
d” represents the lower hysteresis loop.
In order to determine the value of the three model parameters
Ad, kd and td), it is assumed that:
1) The asymptote of the lower hysteresis loop is  = du.
2) The shear modulus of the initial unloading point on the lowerhysteresis loop is equal to the maximum initial shear modulus
and can be expressed as PP′ ‖ OH and GP = Gmax.
3) In order to ensure the closure feature of the hysteresis loop
under constant strain cyclic loading, the point B(− 0, B) must
be set on the lower hysteresis loop so that the peak point of the
hysteresis loop could be on the skeleton curve.
t
s
s
a
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Based on the above assumptions, the following expressions can
e obtained:
du = lim
→−∞
() = P +
Ad
kd + 1
(13)
P =
d()
d
|=0 =
Ad ln 10
2(kd + 1)2
(td − 100) = Gmax (14)
B = P +
Ad
kd + 1
− Ad
2
(
1
kd + 102000
+ 1
kd + 10−20td
)
(15)
The values of Ad, kd and td can be derived from Eqs. (13)–(15),
nd the expression of the lower hysteresis loop can be determined.
Then the upper hysteresis loop should be constructed. Setting
he unloading point (reverse loading point) B(− 0, B) on the lower
keleton curve, and the point P(0, P) is the symmetric point of
(− 0, B). Then the curve BDP in Fig. 2 corresponds to the upper
ysteresis loop, and its functional form is the same as the skeleton
urve:
() = B +
Au
ku + 1 −
Au
2
[
1
ku + 10−100(+0)
+ 1
ku + 10tu(+0)
]
(16)
here Au, ku and tu are the undetermined parameters, and the sub-
cript “u” represents the upper hysteresis loop. Similarly, in order
o determine the value of the three model parameters (Au, ku and
u), it is assumed that:
1) The asymptote of the upper hysteresis loop is  = uu.
2) The shear modulus of initial unloading point on the upper hys-
teresis loop is equal to the maximum initial shear modulus
which is expressed as BB ’ ‖ OH and GB = Gmax.
3) In order to ensure the closure feature of the hysteresis loop
under constant strain cyclic loading, the P(0, P) must be set
on the upper hysteresis loop.
Based on the above assumptions, the following expressions can
e obtained:
uu = lim
→+∞
() = B +
Au
ku + 1 (17)
B =
d()
d
|=−0 =
Au ln 10
2(ku + 1)2
(tu − 100) = Gmax (18)
P = B +
Au
ku + 1 −
Au
2
(
1
ku + 10−2000
+ 1
ku + 1020tu
)
(19)
The values of Au, ku and tu can be obtained from Eqs. (17)–(19),
nd the expression of the upper hysteresis loop can be determined.
.4.2. Case 2: the unloading point is not on the skeleton curve
As shown in Fig. 2, it is assumed that the stress–strain
rocess under loading and unloading after the point P is
 → C → E → M → F → N. When analyzing the unloading point E, the
urve EMF is the upper branch of the follow-up hysteresis loop.
ts functional form is the same as the skeleton curve. There are
hree unknown parameters, and three corresponding assumptions
eed to be made in order to determine the function form of curve
MF. Obviously, the above-mentioned assumptions of the asymp-
ote and taking the shear modulus of the initial unloading point as
he maximum initial shear modulus Gmax still hold true. However,
ince the point E is not on the skeleton curve, its corresponding
ymmetric strain point cannot be determined. Therefore, another
ssumption needs to be determined.
As a result, it is assumed that if the unloading point
s not on the skeleton curve, the following hysteresis loop
nd Ge
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ust go through the previous unloading point (reverse load-
ng point). Taking point E whose previous unloading point
s point P for example, the curve EMF  must go through the
oint P. Therefore, in such a case the unloading point is not
n the skeleton curve, the following hysteresis loop can be
etermined according to the above-mentioned three assump-
ions.
. Characteristics of proposed dynamic constitutive model
The proposed dynamic constitutive model, called UD model by
uthors, has several features as follows:1) The function of the skeleton curve has two asymptotes respec-
tively called the upper and lower asymptotes with different
absolute asymptotic values, which may  reﬂect that the shear
moduli under compression and “tension” are not equal (the
l
(
ig. 3. Veriﬁcation results of proposed model. (a) Isotropic consolidation (the unloading
ot  on the skeleton curve). (c) Anisotropic consolidation (˛0 = 0◦). (d) Anisotropic consoliotechnical Engineering 5 (2013) 400–405 403
“tension” means that the practical soils are not necessarily
under tension, whereas the soils must be in tension under load-
ing).
2) It is suitable for unsymmetrical cyclic loading.
3) The constructing method is simple and needs little memory
consumption, so it is easily accomplished by numerical algo-
rithms.
4) It has only a few parameters that have clear physical meaning
and can be determined by conventional tests.
When verifying the model, it is found that the skeleton curve
ay  ﬁt the test data very well. However, there are two main prob-ems when ﬁtting the test data using the hysteresis loop:
1) The hysteresis loop constructed by the UD model cannot ﬁt the
test date well.
 point is on the skeleton curve). (b) Isotropic consolidation (the unloading point is
dation (˛0 = 45◦). (e) Anisotropic consolidation (˛0 = 90◦).
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2) When the strain is comparatively small, the proposed method
for determining the hysteresis loop is infeasible: no solution
can be obtained by solving the simultaneous equations.
The ﬁrst problem is commonly understood. It is the same as
hat in other viscoelastic constitutive models. In order to ensure
hat the constructed hysteresis loop can well ﬁt the experimental
ata, additional technological means should be used to adjust the
hape of the hysteresis loop, for example using the damping ratio
egeneration factor.
With respect to the second problem, it is assumed that the shear
odulus of the initial unloading point is equal to the maximum
nitial shear modulus, which actually is not theoretically founded
nd is not totally vindicated.
Some results from dynamic tensional shear tests and dynamic
riaxial tests (Chen, 2006) demonstrate that the shear modulus
f the initial unloading point is not always equal to the maxi-
um  initial shear modulus. For normally consolidated cohesive
oils or sandy soils, when the strain changes within a small
ange, the shear modulus of the initial unloading point is usu-
lly beyond the maximum initial shear modulus. When the strain
aries by a substantial margin, the shear modulus of the initial
nloading point is less than the maximum initial shear modulus.
he shear modulus of initial unloading point would be in accor-
ance with the maximum initial shear modulus when the strain
hanges within a medium range. Wang et al. (1980) made adjust-
ents to the theoretical hysteresis loop by introducing a “damping
atio degeneration factor”. The essence of this method is that the
djustment of stress–strain hysteretic damping can be achieved
y changing the original and following shear moduli. We  found
hat when the strain changes within a small range, the instan-
aneous shear modulus can be appropriately raised during the
nloading process to solve the above-mentioned second prob-
em. The above two problems can be solved by deﬁning the initial
hear modulus coefﬁcient in the unloading process denoted as
():
() = G
′
Gmax
(20)
here G′ is the initial shear modulus in unloading process.
It can be found that J() would be greater than 1.0 when the
train amplitude of soils is smaller; and J() would be approxi-
ately equal to 1.0 when the strain amplitude of soils is medium;
nd J() would be less than 1.0 when the strain amplitude of soils
s larger. However, there are no strict standards for the deﬁni-
ion of the dynamic strain amplitude and the distinct boundaries
re made among soils with different characteristics which may  be
etermined by a very large number of trials.
Thus, the construction process of the UD model can be described
s follows:
1) According to the above three assumptions (in Case 1 or Case 2),
we can solve the simultaneous equations.
2) If the simultaneous equations have solutions, the correspond-
ing hysteresis loop can be constructed directly; if not, a
reasonable J() can be given in advance on the basis of the value
of dynamic strain, and the equation of the hysteresis loop can
be constructed.
3) Make the ﬁtting of damping ratio and adjust the value of J()
gradually (i.e. adjust G′) till the constructed damping ratio is
close to the test result.
Potechnical Engineering 5 (2013) 400–405
. Model veriﬁcation
To verify the applicability of the proposed model, saturated
anjing ﬁne sand was  employed. Considering different initial
onsolidation conditions, four sets of further veriﬁcation tests were
onducted. Under isotropic consolidation conditions, preliminary
xamination was  made on the hysteresis loop whose unloading
oint is not on the skeleton curve. Veriﬁcation results of the pro-
osed model are shown in Fig. 3. From Fig. 3, it can be found that
he UD model can well predict the stress–strain relationship of the
aturated Nanjing ﬁne sand.
. Conclusions
The asymmetry characteristic of skeleton curve is universal in
ynamic testing of soils. However, the existing dynamic consti-
utive models do not consider the asymmetry characteristics of
keleton curve. A function with double asymptotes can be used to
escribe the skeleton curve features. Based on this, a new dynamic
onstitutive model considering the asymmetry of skeleton curve,
hich is called UD model, is constructed. The coefﬁcient of initial
nloading modulus is used to ensure that the constructed hys-
eresis loop ﬁts well the experimental data. Four sets of further
eriﬁcation tests demonstrate that the UD model can be used to
escribe the stress–strain relationship of soils under complex stress
ondition.
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